
P R O P A G A T I O N  O F  W E A K  P E R T U R B A T I O N S  

M E D I A  W I T H  P H A S E  T R A N S I T I O N S  

A~ Io I v a n d a e v  a n d  R,  I .  N i g m a t u l i n  

IN T W O - P H A S E  

The l inear ized equations of fluid mechanics  [1] and the equation of state of the phases are  used to 
investigate the propagation of weak perturbat ions in two-phase  media which are a mixture  of a gas and 
drops or  par t ic les .  Allowance is made for  possible phase t ransi t ions.  The dependences of the wave vec tor  
on the perturbat ion frequency are  obtained. An es t imate  is made of the effect of mass  exchange between the 
phases on the nature  of the dispers ion relat ions.  Some theoret ical  and experimental  investigations devoted 
to the propagation of sound in two-phase media have been made, for example, in [2-5]. Throughout the 
paper the quantit ies that r e f e r  to the gas and the par t ic les  c a r r y  the subscr ipts  1 and 2, respect ively .  The 
subscr ipt  0 r e f e r s  to the unperturbed state;  the subscr ipt  3 to the saturation state. 

1. The equations of conservat ion of mass ,  momentum, and energy of the phases [1] take the following 
fo rm after l inearizat ion:  

a?l 
- -  ~ t  2 0-7 + P~0 div v 1 = J~ Jo, + P~o div v~ ---- J0 --  jo 

avl 
plo~ - = - ~ V p - p ~ 0 f ,  P2o~ =-(f-~)Vp+p2J (I.i) 
Oi~ Op Oe2 ~. [ i i \ 

p l o ~  + p,0 ~ = ~ -  + ( 4  - jo) 4 ,  08~ ~7 = P"0q - :~ + J0p0 ~ - 0-7) 

Here p, p, i, and e are  the per turbat ions of the mean density, p res su re ,  enthalpy, and internal energy;  
is the volume concentration of thegas ;  l is the specific heat of vaporizat ion;  and J0 and jo are,  respec t ive-  

ly, the observed  ra tes  of condensation and vaporization in unit volume of the mixture.  

If the relat ions are  given that ref lec t  the force interaction f ,  the heat exchange q, and the mass  ex- 
change J0 and J~ and if the equations of state of the phases are  also given, the sys tem (1.1) is closed.  For  
f and q, we can take the following l inear  relat ions,  which are valid for laminar  flow around an isolated 
sphere  (for sufficiently small  numbers  NRe of the relat ive flow): 

i8~1 /V i2kl .~  
f = ~  1-- v2), q = p T ~ ( r l - -  T2) (1.2) 

Here #t is the v iscos i ty ;  k 1 is the coefficient of heat t r ans fe r  of the mater ia l  of the f i r s tphase ;  p2 ~ 
is the density of the mater ia l  of the drops (particles) and d is their  d iameter .  

The effect of the volume of the par t ic les  on the fr ict ional  fo rce  between the phases in the region of 
small  NRe can be taken into account by means of an additional fac tor  [6, 7]: 

= (f / a) 3.75 (1.3) 

The equations of the kinetics of the phase transitions when there are small superheatings or super- 
coolings (T i - T3)/T 3 can be written in the form [I] 

de = ~6(i--a)l F0(Ta_  Tx), J ~  .... 6 (i -- a) ~ F ~  Ta) (lo4) 
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w h e r e  F 0 and F ~ a r e  coe f f i c i en t s  d e t e r m i n e d  expe r imen t a l l y  o r  by o the r  cons ide r a t i ons .  

Note tha t  t he se  equat ions  can be used if the l i nea r  d imens ion  of the p e r t u r b a t i o n s  (the wavelength)  is 
much  g r e a t e r  than the  d rop  d i a m e t e r  and the  pe r t u rba t i on  ampl i tudes  a r e  suff ic ient ly  sma l l .  

2. F o r  a c o n e - c o m p o n e n t  t w o - p h a s e  m e d i u m  we in t roduce  the  fol lowing equat ions  of  s ta te  of  the  
phases: 

p = O~~ i~ (p, T)  = c~ (T~ - -  r ~ + p / p ~ ~  + l (p) + %~ (T~ - -  T~) 
(2.1) 

p~~ & ( p ,  T ) = c ~ ( T ~ - -  T ~  p~p~  ~ (cv~, c~=eonst)  

We in t roduce  the d i m e n s i o n l e s s  v a r i a b l e s  

and the p a r a m e t e r s  

P - -  P U =  v 0 =  T ( I ) = ~  f ,  7 ~ \  (2.2) 
-- ~T' T '  Vo' o~ \" = 0-77) 

cp~ c~ Ta io pro ~ 
( ] t = T ~ ,  C~=~T~,  0~=-TT,  L = ~ - ,  r =  ,~o (2.3) 

a n d  a l s o  t h e  r e d u c e d  v a r i a b l e s  

- -  o o - - - ~ ,  
q ,  . :  p~oq ,If* jo  Jo 

0Oa ~ , := --0~oa , J ,  ---" 0,Oa~, �9 = a t  ( 2 . 4 )  

H e r e  a is the  ve loc i t y  of  sound in the  f i r s t  phase  and T is the  r e d u c e d  t i m e  in units  of  length.  

L i n e a r i z i n g  (2.1) and us ing (1.1)-(1.4)  and (2.2)-(2.4),  we obtain the fol lowing s y s t e m  of equat ions  

(one -d imens iona l  c a s e ) :  

0r  + ar Off1 0r OU~ 
0--~ Ys = J * - - & '  -~- + ( i --~)-07 = & - -  J* 

OUt r OP .. . OU~ , (i - -  a) r OP ~. 

08~ , OO~ 

80~ t - - r  
(I - -  ~) C, ~ -  = {i - -  ~) q* - - / ~ *  + T J*  

P = O t + r  ~ = ( C , - - C , ) O ~ ' + r l ~ : + L '  

O~--.Os*P~ [ o p~~ Oa'P--Ot / t 0 :  P~~ j* = (1"" - -  a)" ~:o ' " ~t = ~ ] ~ J ,  = {1 - -  a) 'Co ~ ~61Fo] 

(2.5) 

H e r e  and in what  fol lows,  the p r i m e s  denote  the  to ta l  d e r i v a t i v e s  with r e s p e c t  to  the  d i m e n s i o n l e s s  
p r e s s u r e ;  ~'v, rT ,  ~'~ and T 0 a r e  r e d u c e d  re l axa t ion  t i m e s  (with the  d imens ions  of  a length).  

Le t  us c o n s i d e r  the  propaga t ion  of plane pe r iod ic  waves  in 'a m e d i u m  d e s c r i b e d  by the  equat ions  (2.5); 
we sha l l  seek  the  so lu t ions  of  this  s y s t e m  in the f o r m  of a damped  t r ave l ing  wave exp[i(kx - wt)]. The  condi -  
t ion for  the  ex i s t ence  of  a non t r iv i a l  so lut ion of  this  type  leads  to the  fol lowing r e l a t ionsh ip  between the  wave 

v e c t o r  and the  d i m e n s i o n l e s s  pe r tu rba t i on  f r equency  ~(~ = cOlT/a): 

m = O . - - a ) [ a r ,  ra*-- - - - l~(r - - l ) ,  I I o = R e I I o - t - l I m H o  

_. [ ~O~'C~ d- "~L' + r --  1 O~'Cl3 
Im rio = ~ (r --  t) (t -- ~j [ ~to ....... + -~- ' J  

, t t ar L . arCt 

II~ = (1 - -  a) - -  t,] , II4 = i + t- z- ~ - -  

(2.6) 
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Making a p a s s a g e  to the  l imi t  f r o m  (2.6) we obtain r e l a t i o n s  fo r  the equ i l ib r ium ae(~ - -  0) and f rozen  
af(w ~ ~o) ve loc i t i e s  of  sound in a g a s - s u s p e n s i o n  m i x t u r e  with phase  t r a n s i t i o n s :  

= 0 'C " oG] -v '  a ~ aleG'A[(G-~ 3 ~m)(lJF m) 

G =  L(li_r--O~') ~, O a ' C ~ - / - - L ' + T ,  a ~ ' =  (~t . )a ~l~ / 

po 
a t - - -a i  ] [l-~- a p~~ ---- . 

(2.7) 

I f ~  ~ 1  ( m - - 0 )  we h a v e a  e = a l e  and a f = a / .  I t c a n b e  seen f r o m  (2.7) tha t  al e ~ a l f ,  s ince  a e c o r r e -  
sponds  to a wax, e fo r  which the m i x t u r e  is s a t u r a t e d  (T 1 = T 2 = T3); but if ~ ~ 1 and the wave ampl i tude  is 
nonvanish ing ,  t h e r e  m a y  be s u p e r h e a t e d  v a p o r  behind the  wave (m = O, ~ -- 1, T 1 > Ta). Al lowance  f o r  this  
c i r c u m s t a n c e  e l im ina t e s  the  appa ren t  d i s c r e p a n c y  between aIe and a i f .  In a pu re  vapo r ,  the  equ i l ib r ium and 
f rozen  ve loc i t i e s  of  sound a r e  the  s a m e  and equal to a / .  

3. A s i m i l a r  t r e a t m e n t  appl ies  to the s i m p l e r  c a s e  of a g a s - s u s p e n s i o n  m i x t u r e  without phase  t r a n -  
s i t ion when the equat ions  of s ta te  of  the  phases  have  the f o r m  

p = pi~ i 1 = %iTi, p~~ = coast, e2 = c~T2 (%1, c~ = coast) (3.1) 

In this  c a s e  we have the  fol lowing r e l a t i onsh ip  between the wave n u m b e r  and the  d i m e n s i o n l e s s  p e r -  
tu rba t ion  f r e q u e n c y :  

(i § m -- i~ I ~T) (~C, I C~ -- ~) 

�9 / "V l  + me. (%i--/h) . ,1~  c. ( i - -a)  W \ (3,2) 

t r % i  - -  R i  + mc~ ' co - -  up1 ~ + ( i  - -  a)  p~~ , c ,  = co ( i  -k m) ) 
H e r e  r is the e f fec t ive  adiabat ic  exponent  of the  m i x t u r e  and C o is the heat  capac i ty  of  unit m a s s  of 

the  m i x t u r e  at cons tan t  vo lume ,  

The  e x p r e s s i o n s  fo r  the  equ i l i b r ium and f rozen  ve loc i t i e s  of  sound in such  gas  suspens ions  have the 
f o r m  

. t - - a ~ i  ~ " - -  ~ ...... ] ' /~ d = a  l - - i - - - - -  
a e =  a L ~ ( i + m ) J  ' a W] (3,3) 

The  damping  coef f i c i en t  6 in the  l im i t  ~7 ~ ~o tends  to the  va lue  of  6f: 

i - ~ pl o l -v .  [ ~ c ,  ~ r )  i ~ ( l  - .)~] 

4. It is of i n t e r e s t  to e s t i m a t e  the ef fec t  of phase  t r a n s i t i o n s  on the n a t u r e  of the d i spe r s ion  r e l a t i ons .  

The  c u r v e s  p lo t ted  in F igs .  1 and 2 show how the phase  ve loc i ty  Up arid the damping  cons tan t  6 depend 
on the  f r e q u e n c y  of  the  ex t e rna l  pe r tu rba t ion .  

The  c u r v e s  a r e  plot ted f o r  d i f fe ren t  va lues  of the coef f ic ien t  F = F ~ = F 0 and d i f fe ren t  v a p o r  v o l u m e s  
in a t w o - p h a s e  s t e a m - w a t e r  m i x t u r e  with init ial  p r e s s u r e  P0 = 10 b a r  with the fol lowing ini t ial  t h e r m o d y n a m -  
ic da ta :  a= (Tpo/plo~ 502 m / s e c ,  R l = 429 .5  J . kg  -~ �9 deg-1; #~ = 1 6 . 0 5 . 1 0  -~ N .  s e c .  m -2, k 1 = 3 1 4 . 4 . 1 0  -4 
W .  m -1 -  deg -1, c~ = 4 . 4 0 - 1 0 3 J  . k g  -1 �9 deg -~. The c u r v e s  we have plot ted c o r r e s p o n d  to a p a r t i c l e  d i a m e t e r  
of d = 10 -5 m. 

The ca lc t t la t ions  show that  if F ->  10-1kg .  s e e - m  "~ and F - - 1 0 - T k g .  s e c .  m -4 the p r o c e s s  is v i r tua l ly  
independent  of  the  va lue  of th is  p a r a m e t e r  in the c o n s i d e r e d  r ange  of f r e q u e n c i e s .  At low f r e q u e n c i e s  07 - -  
0) and a lso  at f a i r ly  high f r e q u e n c i e s  (W ~ ~ ) the effect  of  F may  b e c o m e  m o r e  p r o n o u n c e d .  Note tha t  the 
va lue  of F can be d e t e r m i n e d  f r o m  a m e a s u r e m e n t  of  the p ropaga t ion  ve loc i ty  and the damping  cons tan t  of 
a weak pe r t u rba t i on  in a s i n g l e - c o m p o n e n t  t w o - p h a s e  mix tu re .  However ,  ghe absence  of  r e l i ab ly  t e s t ed  
e x p e r i m e n t a l  da ta  p r e v e n t s  us f r o m  c o m p a r i n g  ou r  r e s u l t s  with expe r imen ta l  data .  

As the  vo lume  of  the  d r o p s  i n c r e a s e s ,  the  effect  of  a d e p a r t u r e  f r o m  phase  and t e m p e r a t u r e  equi l ib-  
r i u m  i n c r e a s e s  but on the whole r e m a i n s  f a i r ly  smal l .  As a ru le ,  the m o s t  i m p o r t a n t  p r o c e s s  effect ing 
the r e l a t i ons  is the f r ic t ion  between the phases .  However ,  as the p r e s s u r e  of the mix tu r e  i n c r e a s e s ,  the  
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importance of fr ict ion dec reases .  In the limit r - -  1 there  is no depar ture  f rom velocity equilibrium and 
the dispersion and dissipation due to viscosi ty  vanish. 

The re la t ive  intensity of the dissipation p rocesses  also depends on the relat ions between the re laxa-  
tion t imes of the p rocesses  under consideration.  Note that the relat ions between the velocity and t empera -  
ture  relaxation t imes  and the phase- t rans i t ion  relaxation t imes are  determined by the extent to which the 
medium is dispers ive.  Under the assumptions we have made concerning the kinetics of vaporization and 
condensation, a dec rease  in the dimensions of the d ispersed  phase is accompanied by an increase  in the 
relat ive contribution of phase t ransi t ions  to the energy dissipation and this p rocess  may become predom- 
inant if the drops have sufficiently small  d iameters .  The effect of mass  exchange between the phases on 
the propagation of a perturbation in a two-phase medium can be analyzed directly by using a s ingle-veloc-  
ity and s ing le - tempera ture  model of the medium. Note that whereas the phase- t ransi t ion entails t empera -  
ture  equilibrium the converse  is not, in general ,  t rue.  If the t empera tu res  of the phases are  in equilibrium, 
nonequil ibrium phase t ransi t ions  can never the less  occur  in a wave result ing in dispersion and dissipation. 
The dispers ion relation corresponding to this case  has the fo rm 

~a~(l + m) [ 2m (t -- r) (G + C~03'm)~r/% --iTl(q + C~m) .] 
K~= n ~ �9 r ~ L 2mLT T / x o -- in (Cx + me@ l (4.1) 

(Q = G -~.~ (l -- 03') (C~ - - L / ( l  --r))) 

Here G and the equilibrium velocity of propagation of a perturbation are  calculated in accordance with 
(2.7). For  the velocity of sound frozen with respec t  to mass  exchange we have the express ion 

a 2 Cz - b  rnC~ 

(a,t)~ =- •a 2 (i + m) el (i -- 0a') + C, (m + 0~') + L' + (r -- i) / ~ (4.2) 

It can be seen f rom (2.7) and (4.2) that a f  ~ a , f ,  since a ,  f is ca lcu la tedf rom a mixture that has veloc-  

ity and tempera tu re  equilibrium. In a pure vapor (a = 1) we have a /  = a 1, f .  

Some es t imates  show that the coefficients F in the l inear  relat ions for the ra tes  of the phase t r ans i -  
tions are  very  large.  Therefore ,  at sufficiently low frequencies of the external perturbation a s ingle-com-  
ponent two-phase  medium has an equilibrium phase composition and sat isf ies  the condition of equality of 
the phase t empera tu res .  In this case,  dispersion and dissipation are  due exclusively to the viscous inter-  
action of the phases and the dispers ion relation is 

K2 =,q,~ t a ( i  q-ra-- i f f%/~T) (4.3) 
(Ule) 2 "[T2m, ( l  / am. - -  f~]~v / ~Y) 

Note that for  r < 0.1 allowance for the added mass  does not appreciably affect the dispersion rela-  
tions. Taking into account this observation,  we write the dispersion relation (3.2) in the form 

a [ i~ -m- -~ ( l "J -O '5r ( t -~m) )~v /~T][TC*[Cl - - i l ] ]  (4.4) 
K 2 = ~l ~ TT2rn , [ t /am,- - i l l ( t -4-O.5r) '~v /TT][FC, /Cl - - i l ]]  
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Any smal l  per turba t ion  of a r b i t r a r y  prof i le  can be obtained by super impos ing  harmonic  waves.  In 
accordance  with the genera l  r e su l t s  given, for  example ,  in [8] for  the case  of a reac t ing  gas ,we  can a s s e r t  
that  the leading edge of an a r b i t r a r y  pulse moves  with veloci ty  af and is damped exponential ly with the ex-  
ponent ( -  J x ) .  

Finally,  note that  the e x p r e s s i o n s  (2.7) and (3~ for  the equi l ibr ium and f rozen  veloci t ies  of sound 
ag ree  with the re la t ions  that  follow f r o m  a considera t ion  of the conditions of ex is tence  of densif icat ion 
waves in two-phase  med ia  [9]. 
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